We study the parameter space of cold dark matter axions in two cosmological scenarios with non-standard thermal histories before Big Bang nucleosynthesis: the Low Temperature Reheating (LTR) cosmology and the kination cosmology. If the Peccei-Quinn symmetry breaks during inflation, we find more allowed parameter space in the LTR cosmology than in the standard cosmology and less in the kination cosmology. On the contrary, if the Peccei-Quinn symmetry breaks after inflation, the Peccei-Quinn scale is orders of magnitude higher than standard in the LTR cosmology and lower in the kination cosmology. We show that the axion velocity dispersion may be used to distinguish some of these non-standard cosmologies. Thus, axion cold dark matter may be a good probe of the history of the Universe before Big Bang nucleosynthesis. In the standard cosmology, radiation has been dominating the energy density of the Universe before BBN since the very early time at which inflation ended. How radiation was produced at the end of inflation from a state of negligible temperature is still a topic of active * Electronic address: visinelli@utah.edu
research: models include the decay of the inflaton field [2, 3] and parametric resonance [4] .
In alternative cosmological models, inflation may have ended at times close to BBN [5] , or there might have been a period after inflation in which the dominant energy density was not in radiation but in some other exotic form, like the energy density of a scalar field [6] , or still more there could have been an injection of entropy into the radiation [7, 8] .
A good probe of the history of the Universe before ∼ 1s is a relic particle that has survived from that period. Indeed, in the standard cosmology, dark matter relics like axions [9, 10, 11] and Weakly Interacting Massive Particles (WIMPs) (see [12] ) are produced when the Universe was ∼ 1µs or between ∼ 10ns and ∼ 10ps old (corresponding respectively to the age of the Universe at the QCD phase transition or at the WIMP freeze-out for WIMP masses between 10 GeV and 1 TeV). These dark matter relics are therefore excellent candidates to test the cosmological history of the Universe at very early epochs [13] .
In this article we study cold dark matter (CDM) axions [7, 14] as probes of the pre-BBN epoch, assuming that axions provide the totality of the CDM observed,
with [15] Ω CDM h 2 = 0.1131 ± 0.0034.
Here Ω a and Ω CDM are the axion and CDM energy densities in units of the critical density ρ crit , and h is the Hubble constant in units of 100 km s
We analyze two non-standard pre-BBN cosmologies: the low-temperature reheating (LTR) cosmology [6, 7, 8, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] and the kination cosmology [28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39] . In the LTR cosmology the expansion of the Universe after inflation is driven by a massive scalar field φ that decays and reheats the Universe. This stage lasts down to a temperature T RH , after which standard radiation-dominated cosmology applies. In the kination cosmology, the energy content of the Universe is dominated by the kinetic energy of a scalar field which evolves without entropy release down to a temperature T kin , after which standard cosmology begins.
We find that with respect to the standard cosmology, if the Peccei-Quinn symmetry in the axion theory breaks during inflation, the allowed axion parameter space is enlarged in the LTR cosmology and restricted in the kination cosmology. Instead, if the Peccei-Quinn symmetry breaks after inflation, the mass of cold dark matter axions in the LTR cosmology is orders of magnitude smaller than its standard-cosmology value, and it is orders of magnitude greater in the kination cosmology.
Past work on axions in non-standard cosmologies has examined the parameter space of hot dark matter axions in the LTR and kination cosmologies [40] , and the cosmological
bound Ω a h 2 < 1 for cold (i.e. non-thermal) axions in the LTR cosmology assuming that the Peccei-Quinn symmetry breaks after inflation [7, 8, 16, 17, 20, 22] . Our work studies axions as 100% of the cold dark matter, allows the PQ symmetry to break after or during inflation, and includes anharmonicities in the axion potential.
In Section I, we review the two most important mechanisms of axion production, the misalignment mechanism and axionic string decays, focusing on how to extend the standard results for these mechanisms to any non-standard cosmology. In Section II, we review the present axion energy density Ω std a h 2 in the standard cosmology. In Section III, we derive the density Ω LTR a h 2 and present our results for the axion parameter space for the LTR cosmology.
In Section IV, we do the same for the kination cosmology. In Section V we compare our results to previous work, discuss how our results may be modified by different choices of axionic string parameters, and suggest a possibility of distinguishing non-standard pre-BBN cosmologies observationally. Our conclusions are presented in Section VI.
I. PRODUCTION OF AXION DARK MATTER
The axion is a hypothetical pseudoscalar particle first introduced in the QCD sector of the Standard Model to solve the strong CP problem [9, 10, 11] . Axion properties depend on several parameters (see e.g. [41] and the recent reviews [42, 43] ). They are: the scale f a at which the Peccei-Quinn (PQ) symmetry breaks, the PQ color anomaly N, the number of degenerate QCD vacua N d , and the couplings of axions to quarks, leptons, and photons.
Axion models include the KSVZ or hadronic model [44] , in which there is no tree-level coupling between the axion and the standard model quarks and leptons, and the DFSZ model [45] , in which the axion couples to standard model quarks and might couple to leptons. In both models, the axion-photon coupling is non-zero. Unless otherwise specified, our results apply to both KSVZ and DFSZ models (in both of which N = N d ).
Axions may account for the totality of the CDM observed [7, 8, 14, 16, 17, 20, 22, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67] . This is accomplished for specific conditions on the parameters f a and N, on the expansion rate of the Universe H I at the end of inflation, and on the mechanism of axion production.
In this section, we review the two most important mechanisms to produce axion dark matter: vacuum realignment [7, 14] and string decays [47, 48] . We focus on the modifications needed to go from the standard cosmology to non-standard cosmologies.
A. Axions from vacuum realignment
We review the production of cold axions by the vacuum realignment mechanism, following the conventions in Ref. [64] . The formulas in this section depend on the details of the cosmology before BBN only through the dependence of the Hubble expansion rate H(T ) on the temperature T . Different pre-BBN cosmologies differ in the choice of H(T ).
When the temperature of the Universe falls below T ∼ f a , the Peccei-Quinn symmetry breaks and the axion field a(x) originates. The equation of motion for the misalignment
Here a dot indicates a derivative with respect to time; V ′ (θ) is the derivative with respect to θ of the axion potential
The axion mass depends on temperature as [68] 
where we choose N = 1, Λ = 200 MeV, b = 0.018 [57] and the zero-temperature axion mass
We use the notation f a,12 = f a /10 12 GeV. For T ≫ Λ, we can neglect m The temperature T 1 at which oscillations being is defined by the condition
The axion number density at T 1 can be written as [49, 57, 58, 59, 64 ]
Here angle brackets indicate an average over the possible values of θ 2 i within a horizon volume, χ = 1.44 is a fudge factor, and f (θ i ) is a corrective function accounting for anharmonicities in V (θ i ) [49] . (In our work on cold dark matter axions in standard cosmology [64] , we used the symbol ζ for the parameter χ, but here ζ is used for another quantity, see Section IIb.)
A complete study of the axion parameter space requires taking into account the function f (θ i ) in the whole range −π < θ i < π [64, 66] . The function f (θ i ) has been studied in various papers [46, 60, 69, 70 ]. An analytic function interpolating between numerical results is [64] f (θ i ) = ln
The properties of the cosmological axion differ whether the axion field is present during
For f a < H I /2π (Scenario I), the initial misalignment angle θ i acquires different values within the same Hubble horizon. Using Eq. (9) we obtain θ 2 i f (θ i ) = 8.77 [64] , where the average is taken over the possible values of θ i .
If f a > H I /2π (Scenario II), the PQ symmetry breaks during inflation and it is never restored. The initial misalignment angle θ i takes only one value within a Hubble horizon.
As noticed by Linde [71] , to a relatively small value of θ i (∼ 10 −4 ) there corresponds a large value of f a (∼ 10 16 GeV). This region of parameter space can thus accommodate values of f a of the order of the GUT scale (∼ 10 16 GeV) or above, however at the expense of tuning the initial misalignment angle to a small value which was the problem that the PQ mechanism tries to solve.
In Scenario II the mean θ i = θ i has a unique value within one Hubble volume, so
Here the variance
is due to the axion quantum fluctuations present at the end of inflation [72] .
In Scenario II, axion isocurvature fluctuations are constrained by a combination of Cosmic Microwave Background (CMB), Baryon Acoustic Oscillations (BAO) and Supernovae (SN) measurements [15] as
This constraint is obtained from an upper limit on the ratio of isocurvature and adiabatic power spectra at the wave number k 0 = 0.002 Mpc −1 . Notice that this bound applies independently of the cosmological model between inflation and BBN because modes with wave number k 0 are still well outside the horizon at the epoch of recombination.
A further bound on H I comes from the non-detection of primordial gravitational waves.
The combined CMB+BAO+SN measurements set an upper limit on H I given by [15] H I < 6.29 × 10 14 GeV.
In Scenario I (f a < H I /2π), this bound on H I implies an upper bound on f a equal to
Astrophysical considerations on the cooling time of white dwarfs yield the bound [73] f a > 4 × 10 8 GeV,
valid for KSVZ axions. A similar bound from supernovae applies to other axion models [73] .
The bounds in Eqs. (13) and (15) apply independently of the pre-BBN history of the Universe.
B. Axions from string decays
The spontaneous breaking of the Peccei-Quinn symmetry leads to the formation of topological defects such as axionic strings [74] . In Scenario I (f a < H I /2π), the PQ symmetry breaks after inflation and cold axions produced by the decay of topological strings in the early Universe contribute a large fraction of the axion energy density. Instead, in Scenario II (f a > H I /2π), topological defects are washed out by inflation so axions from axionic strings are not present.
The present axion energy density produced by axionic strings ρ str a (T 0 ) is proportional to the present axion energy density produced by the misalignment mechanism ρ mis a (T 0 ) [52, 54, 75] . The ratio α between ρ str a (T 0 ) and ρ mis a (T 0 ) can be put in the form
Here, following the notation in Ref. [52] (however, we use ζ for their parameter χ to avoid confusion with our χ in Eq. (8) ): N d is the number of degenerate QCD vacua,r is the factor by which the axion comoving number density increases due to string decays, averaged over all possible processes that convert strings to axions, ξ is a constant factor depending on the string network model, and ζ accounts for the uncertainties in the low-energy cutoff of the radiated axion field.
In the standard cosmology, the numerical values of these parameters have been discussed extensively both theoretically and via numerical simulations of string networks [47, 48, 50, 52, 53, 54, 55, 75, 76, 77, 78] . However, there is still disagreement about the numerical values ofr and ξ in the standard cosmology,r std and ξ std .
In the following we discuss each parameter in Eq. (16) separately in standard cosmology and we extend previous theoretical results to obtain the values of the parameters in a generic non-standard cosmology.
Parameter N d . In the standard cosmology, it is usually assumed that N d = 1, because for N d > 1 a domain wall problem may arise [76] . In modified cosmologies we take the same value N d = 1 as in the standard cosmology, because N d describes a property of the axion field.
Parameterr. The value ofr depends on the details of the axionic string relaxation toward lower energy configurations and on the energy spectrum of the radiated axions [53] .
In the standard cosmology it is (see Ref. [52] )
, for a slow-oscillating string, 0.8, for a fast-oscillating string.
Here, t 1 is the time at which the axion field starts to oscillate and δ is the string core size [54] .
In Eq. (17), the first line corresponds to the string emission model in Refs. [47, 50, 53, 55, 77] , while the second line corresponds to the model in Refs. [48, 52, 54, 75] .
The time t 1 can be expressed in terms of the corresponding temperature T 1 using the
valid in the standard cosmology. In the illustrative case δ = (10 12 GeV) −1 and T 1 = 1 GeV, one findsr std ≈ 70, which is approximately the same value found in Refs. [47, 50, 53, 55, 77] .
To extend Eq. (17) to non-standard cosmologies, we repeat its standard-cosmology derivation in Refs. [48, 52] but change the relation between time and Hubble parameter in Eq. (18) to that appropriate for a non-standard cosmology. We consider a generic dependence of the scale factor a(t) on time t,
where β is a constant that depends on the details of the modified cosmology. For example, β = 2/3 for the matter-dominated Universe and the LTR cosmology, β = 1/2 for the radiation-dominated Universe, and β = 1/3 for the kination cosmology. Eq. (18) then becomes
Harari and Sikivie [48] derive the axion number density from string decays n str a (t) from the equations dn
and
Here, ρ r is the energy density of the radiated axions, ω(t) is the average energy of axions radiated in string decay processes at time t [52] , and ρ s is the energy density in strings, given by
From Eqs. (21), (22) and (23) we obtain
where t P Q ≪ t 1 is the time at which the PQ phase transition occurs. The formula to obtain the parameterr follows from Eq. (2.13) in Ref. [52] ,
which, evaluated at time t 1 , gives
The function ω(t) depends on the model for the energy spectrum of the emitted axions.
For slow-oscillating strings, Davis [47] argues that the energy spectrum of the axions radiated at time t is peaked around 2π/t, and finds ω(t) = 2π/t. Using this expression of ω(t) in
In particular, for the standard cosmology β = 1/2 andr std = ln(t 1 /δ), as in the first line of Eq. (17).
For fast-oscillating strings, Harari and Sikivie [48] argue that the energy spectrum of the radiated axions is broad, with a low-energy cutoff at energy π/t 1 and a high-energy cutoff at energy π/δ. They find ω(t) = (2π/t) ln(t/δ). Eq. (26) 
In the particular case of the LTR cosmology (β = 2/3), Eq (28) givesr LTR = 0.27, while in the kination cosmology (β = 1/3), Eq. (28) givesr kin = 0.53 ln(t 1 /t PQ ).
In presenting our results, we use the value ofr for fast-oscillating strings, Eq. (28). We discuss the alternative choice of Eq. (27) in Section V.
Parameter ξ. The value of ξ std in the standard cosmology has been discussed in the literature and different authors quote different results [52, 55, 75, 78] . Numerical simulations for an evolving string network in Ref. [78] yield ξ std ∼ 13, while simulations in Refs. [52, 55, 75] give ξ std ∼ 1.
The value of ξ changes in a modified cosmological scenario. The authors in Ref. [79] outline a method to estimate ξ in a modified cosmology in which the Universe is matterdominated from the value ξ std for a radiation-dominated Universe. Here we generalize the results of Ref. [79] to a generic cosmology with arbitrary β, following their method. We define the characteristic length L for an axionic string of energy density ρ and tension µ per unit length through ρ = µ/L 2 . The parameter ξ appears in the time dependence of the string length L as L = t/ √ ξ. The method of Ref. [79] consists in computing ξ as
where γ 0 is the fixed-point value of Eq. (14) in Ref. [79] ,
Here γ = (H(t)L) −1 , and c > 0 is a constant determined by the value of ξ for a radiationdominated universe.
For a generic β, we haveḢ
and the fixed-point of Eq. (30) follows from setting its right-hand side to zero,
Then from Eq. (29) and H = β/t, we find
The constant c is fixed from the requirement that ξ = ξ std in a radiation-dominated Universe,
This is to be substituted in Eq. (33) to find the value of ξ in the non-standard cosmology.
For ξ std = 1, we find c = 3/4 and
Then, for the LTR cosmology, in which β = 2/3, we find ξ LTR = 16/27 = 0.5926; for the kination cosmology, in which β = 1/3, we find ξ kin = 4(7 + 4 √ 3)/27 = 2.0634.
The choice ξ std = 13 is discussed in Section V.
Parameter ζ. In the standard cosmology, ζ ∼ 1 [52] . To find ζ in a generic cosmology we use the fact that on dimensional grounds, ζ is of order √ ξ [52] , so that to a change ∆ξ there corresponds a change ∆ζ/2. However, the theoretical uncertainty on ζ is around 50% [52] , higher than the difference ∆ξ due to the change in the cosmology used. We thus consider ζ constant and equal in all cosmological scenarios.
II. AXION CDM IN THE STANDARD COSMOLOGY
In this section we review the derivation of the present cold axions density, assuming that the Universe follows the standard cosmology. Coherent oscillations begin in a radiationdominated Universe, for which the Hubble parameter is
Here M P l ∼ 1.22 × 10 19 GeV is the Planck mass. We approximate the relativistic degrees of freedom g * (T ) in the range of temperature we are interested in by
Eqs. (5), (7) and (36) provide the temperature T std 1
at which the axion field begins to oscillate:
For the entropy degrees of freedom g * S (T ) we use the approximation
Entropy conservation in the standard cosmology leads to the following relation between the scale factor a std (T ) and the temperature T :
The present axion number density n std a (T 0 ) is computed from the number density at T std 1 , Eq. (8), assuming conservation of entropy and of the number of axions in a comoving volume,
The misalignment mechanism gives a contribution to the present axion energy density ρ std,mis a = m a n std a (T 0 ). In units of the critical density ρ crit we have
Inserting the numerical values we obtain
Here h is the Hubble constant in units of 100 km s −1 Mpc −1 , andf a is the PQ scale at which the two expressions in Eq. (43) are equal. For the values for g * (T ) as in Eq. (37),
String decays give a contribution to the present axion energy density
where for α std in Eq. (16) we have taken N d = 1, ξ std = 1,r std = 0.8 [52] and ζ = 4.9, consistently with our previous work [64] . In Section VI we discuss the modifications to Eq. (45) and to our results if the valuesr std = 70, ξ std = 13 [47, 50, 53, 55, 77, 78] are used.
The present axion energy density in the standard cosmology is then given by the sum of the misalignment mechanism and string decays contributions
If the PQ symmetry breaks after the end of inflation (Scenario I, f a < H I /2π), there is only one PQ scale f a for which the totality of cold dark matter is made of axions. There correspondingly are also a single value for the axion mass m a from Eq. (6), and for the temperature T 
In Scenario II no axions from axionic strings are present. The parameter space is bounded by the non-detection of axion isocurvature fluctuations in the CMB spectrum, see Eq. (12).
One parameter in Eq. (12) can be eliminated by using the equality between the axion energy density and the CDM energy density. In the standard cosmology, the isocurvature bound is
a,12 , for f a < 9.9 × 10 16 GeV,
a,12 , for 9.9 × 10 16 GeV < f a .
It can be approximated by
a,12 , for 7.6 × 10 10 GeV < f a < 9.9 × 10 16 GeV,
where H I,12 = H I /10 12 GeV and f a,12 = f a /10 12 GeV. The power-law dependence of the bound on f a,12 changes twice: at f a ∼ 10 11 GeV due to the effects of anharmonicities [64] , and at f a = 9.9 × 10 16 GeV, due to the change in the dependence of the axion mass with temperature.
III. AXION CDM IN THE LOW TEMPERATURE REHEATING COSMOLOGY
In the low-temperature reheating (LTR) cosmology [6, 7, 8, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] , the Universe after inflation is dominated by a massive decaying scalar field φ down to the reheating temperature T RH . The reheating temperature is defined as the temperature at which the decay width Γ φ of the scalar field φ is equal to the Hubble expansion rate H(T ) [19, 20, 21, 22, 23, 24, 25, 26, 27] ,
At T > T RH , the Universe follows the LTR cosmology; at T = T RH , it transitions to the usual radiation-dominated era. At T < T RH , the Hubble expansion rate is given by Eq. (36); at T > T RH , the Hubble rate H(T ) depends on the scale factor a LTR (t) as in a matter-dominated epoch [6, 16, 17, 18, 19, 20, 21, 22] ,
Here H(T RH ) is given by its expression in the radiation-dominated epoch.
Using the relation between the scale factor a LTR (T ) and the temperature T during the LTR epoch [16] ,
and the usual relation during the radiation-dominated epoch,
we find the Hubble expansion rate
where
The relation in Eq. (54) shows that the evolution of the Universe during the LTR stage is non-adiabatic.
In the standard cosmology, the axion field starts to oscillate at a temperature T is less than T RH , then the axion field starts to oscillate when the Universe is radiation-dominated. Moreover, since H(T ) is the same in both cosmologies at T < T RH , the oscillations start at the temperature T
given in Eq. (38) . In this case the results of Section II apply.
On the other hand, if T std 1
would be larger than T RH , then the LTR temperature T LTR 1
will be smaller than T std 1 . In this case, the axion field starts to oscillate when the Universe is dominated by the decay of the massive scalar field φ. The temperature T LTR 1 follows from Eq. (7) with H(T ) given by the first line of Eq. (56). Since the dependence of H(T ) on T steepens from T 2 to T 4 as T becomes greater than T RH , it follows that
With T RH,MeV = T RH /MeV, we find
Numerically,
To summarize, if T RH < Λ,
if T RH > Λ,
Also the present axion energy density is modified from the standard case if
We examine the misalignment mechanism and the production in string decays separately.
where we used the values N d = 1,r LTR = 0.27, ξ LTR = 16/27 and ζ = 4.9 in Eq. (16), consistently with the discussion in Section I B.
For the misalignment mechanism, the axion number density at the present time can be found from Eq. (8) with
using the conservation of axion number in a comoving
Here n a (T 1 ) is the function given in Eq. (8) . One clearly has
For T 
is the standard-cosmology ratio of the comoving number of axions N LTR at the temperature
to the comoving number of axions N std at the temperature T std 1 , and
is the ratio of the LTR-cosmology volume V LTR to the standard-cosmology volume V std at the temperature T LTR 1
.
The ratio N LTR /N std accounts for the fact that coherent oscillations in the axion field start at a different temperature in the LTR cosmology compared to the standard cosmology.
The ratio V LTR /V std accounts for the fact that at temperature T
LTR 1
the scale factors, and so the volumes, in the LTR and in the standard cosmologies differ due to entropy production from the decay of the scalar field in the LTR case.
Using the relations between temperature and scale factor during the radiation and LTR epochs, Eqs. (40) and (54) respectively, we find
From T
(see Eq. (58)), we find that
The latter factor dominates, and n LTR a (T 0 ) is less than n std a (T 0 ). The present axion energy density from the misalignment mechanism follows as, in units of the critical density,
Here Ω 
wheref a (T RH ) = 5.69 × 10
is the PQ scale at which the two lines in Eq. (72) match.
The present axion energy density in the LTR cosmology is given by the sum of the misalignment mechanism and the string decay contributions
Here, α std and α LTR are the values of the ratio ρ 
A. Results for LTR
We now derive the regions of axion parameter space where the axion is 100% of the CDM in the LTR cosmology. We then compare them to the standard-cosmology regions.
The CDM axion parameter space in the standard cosmology depends on the PQ energy scale f a (or alternatively the axion mass m a ), the initial misalignment angle θ i and the Hubble parameter during inflation H I . In the LTR cosmology an additional parameter is included, the reheating temperature T RH .
If the PQ symmetry breaks after the end of inflation (Scenario I, f a < H I /2π), there is only one PQ scale f a for which the totality of cold dark matter is made of axions. There correspondingly is also a single value for the axion mass m a . In the LTR cosmology, using the observed value for Ω CDM h 2 in Eq. (2) and the expressions for Ω In Fig. 1 we plot f due to different contributions from string decays. In fact, from Eqs. (43) and (74) we have
Equating the two lines in Eq. (77) at T RH = T 
Inserting numerical values, f In Fig. 1 we also shade out the following bounds: the bound from white dwarfs cooling times in Eq. (15); the indirect bound on f a from the non-detection of primordial gravitational waves arising from f a < H I /2π and Eq. (13) (region labeled "Tensor Modes"); the bound on T RH from Big Bang Nucleosynthesis; and the bound from the ADMX experiment [80, 81] excluding a KSVZ axion with a mass m a between 1.9 µeV and 3.3 µeV. The dashed line marks the requirement that the axion starts to oscillate in the LTR cosmology, T RH < T 
Heref a (T RH ) = 5.69 × 10 
As in the case of the standard cosmology, there are two changes in the power-law dependence of H I,12 on f a,12 in the LTR cosmology, the first one being at f a = 9. and the second one at f a =f a (T RH ). Notice that at large f a , the isocurvature bound is independent of f a .
When T RH = T In the lower right region (Scenario I), the axion is the CDM particle if f a equals the value given by Eq. (75). Table I lists the values we plot. For comparison, we also plot the value for the standard cosmology, f 5 lowers the axion energy density. Thus, more parameter space is allowed for the axion to be 100% of the CDM in the LTR cosmology than in the standard cosmology.
In the allowed region of parameter space for Scenario II, the axion can be 100% of the CDM provided the value of θ i is chosen appropriately. This value does not depend on H I , because in Scenario II σ 
In the LTR cosmology, we find that θ i depends on both f a and T RH ,
In Eq. (83) we took g * (T LTR 1 ) = 61.75.
We plot the relation between θ i and f a in Fig. 3 for the standard cosmology (thick line) and for T RH = 4 MeV (dotted line), 15 MeV (dot-dashed line) and 150 MeV (dashed line).
As T RH decreases, one departs from the standard cosmology. The value of θ i at fixed f a , or of f a at fixed θ i , increases when T RH decreases. The largest departure occurs at the smallest value of T RH allowed by the BBN, T RH = 4 MeV. In all these scenarios, the value of θ i becomes uncomfortably small at large f a if one maintains that the initial angle θ i should not be tuned to a small value for the PecceiQuinn mechanism to solve the strong CP problem [71] . For the sake of illustration, if we decide that θ i = 0.1π is uncomfortably small, the PQ scale f a could comfortably be less than 5 × 10 12 GeV in the standard cosmology, but could comfortably be higher in the LTR cosmologies. For example, it could comfortably be as high as 5 × 10 15 GeV if T RH = 4 MeV.
This relaxes the demand of 100% axion CDM on theoretical models that prefer f a of the order of the Grand Unification (GUT) scale ∼ 10 16 GeV.
IV. AXION CDM IN THE KINATION COSMOLOGY
We now discuss axion cold dark matter in the kination cosmology [28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39] . The Hubble parameter for this pre-BBN cosmology is (see Ref. [37] )
g kin (T )
Here T kin is the temperature at which the Universe transitions from kination domination to radiation domination, and
Entropy is conserved during the kination cosmology, so the scale factor during kination a kin (T ) follows the same temperature dependence as a std (T ),
For this reason, in this Section we do not make a distinction between the scale factor in the standard and in the kination cosmologies. We write a kin (T ) = a std (T ) ≡ a(T ).
If T at which axion oscillations begin is given by the following expression:
Here T kin,MeV = T kin /MeV.
The axion energy density in the kination cosmology has contributions from string decays and from the misalignment mechanism.
where to compute α kin in Eq. (16) .
In the last expression we used the relation t ∝ 1/H(T ), the fact that at the time of the PQ transition t PQ the temperature of the Universe is T = f a , and the fact that at the time t 1 the corresponding temperature is T . We notice that this is opposite to what we obtained in the standard and LTR cosmologies, where the radiation of axions from axionic strings is a sub-dominant production mechanism for cold axions.
The contribution from the misalignment mechanism results from the conservation of the axion number in a comoving volume, n a (T ) ∝ a −3 (T ). This gives
For T std 1 > T kin , one obtains a different axion density. As for the LTR cosmology, we introduce the ratio between the present density n kin a (T 0 ) in the kination cosmology, and the present density n std a (T 0 ) in Eq. (41) that would ensue if the cosmology were standard at temperatures T > T kin . We write, for T std 1
where N kin /N std and V kin /V std are defined as follows. The ratio N kin /N std is the standardcosmology ratio of the comoving number of axions N kin at the temperature T 
The ratio V kin /V std is the ratio of the kination-cosmology volume V kin to the standardcosmology volume V std at the temperature T kin 1 ,
The last equality follows because no significant entropy is released during the kination stage [33] , so a kin (T ) = a std (T ).
The present axion energy density from the misalignment mechanism, in units of the critical density, is therefore
Inserting numerical values, the first line of Eq. (97) is given by Eq. (43), while the second line reads
Due to the peculiar dependence of the Hubble rate with temperature in kination,
there is no distinction in Eq. (98) between Ω kin,mis a for T kin 1 > ∼ Λ and for T kin 1 < ∼ Λ. Finally, the present axion energy density in the kination cosmology is given by the sum of the misalignment mechanism and the string decay contributions
Here, α std and α kin are the values of the ratio ρ 
A. Results for kination
We now derive the regions of the axion parameter space where the axion is 100% of the CDM in the kination cosmology. We then compare them to the standard-cosmology regions.
The axion parameter space in kination cosmology depends on f a , H I , θ i , and the additional parameter T kin .
If the PQ symmetry breaks after the end of inflation (Scenario I, f a < H I /2π), there is only one PQ scale f a for which the totality of cold dark matter is made of axions. There correspondingly is also a single value of the axion mass m a . In the kination cosmology, using the observed value of Ω CDM h 2 in Eq. (2), and the expressions for Ω kin a derived in this Section, we find
In Eq. (100) we used the explicit expression forr kin derived in Section I B.
In Fig. 4 we plot f is due to different contributions from string decays. In fact, from Eqs. (43) and (99) we have
Equating the two lines in Eq. (102) at
We find f kin a (T kin = T std 1 ) = 2.04 × 10 9 GeV.
In Fig. 4 we also shade out the following bounds: the bound from white dwarfs cooling times in Eq. (15); the indirect bound on f a from the non-detection of primordial gravitational waves arising from f a < H I /2π and Eq. (13) (region labeled "Tensor Modes"); the bound on T kin from Big Bang Nucleosynthesis; and the bound from the ADMX experiment excluding a KSVZ axion with a mass m a between 1.9 µeV and 3.3 µeV. The dashed line marks the requirement that the axion starts to oscillate in the kination cosmology, T kin < T The first reason is that, since coherent oscillations of the axion field start later in the kination cosmology than in the standard cosmology, the initial comoving number of axions N kin is higher than N std . The second reason is that the contribution from axionic strings to Ω kin a in the kination cosmology is much higher than the same contribution to Ω std a in the standard cosmology. Then, at a given PQ scale f a , the energy density Ω 
This bound can be approximated by
Contrary to the cases of standard and LTR cosmologies, in the kination cosmology there is only one change in the power-law dependence of H I,12 on f a,12 , namely at f a = 3.26 × 10 7 GeV T kin,MeV . This change is due to the effects of anharmonicities.
When T kin = T Time" is excluded from astrophysical observations of white dwarfs cooling times for KSVZ axions, Eq. (15) . A similar bound from supernovae applies to other axion models [42] . The line f a = H I /2π divides the region where the PQ symmetry breaks after inflation (Scenario I, f a < H I /2π) from the region where it breaks during inflation (Scenario II, f a > H I /2π).
In the lower right region (Scenario I), the axion is the CDM particle if f a equals the value given by Eq. (100). Table II Thus, less parameter space is allowed for the axion to be 100% of the CDM in the kination cosmology than in the standard cosmology.
In the allowed region of parameter space for Scenario II, the axion can be 100% of the CDM provided the value of θ i is chosen appropriately. This value does not depend on H I ,
In the kination cosmology we find that θ i depends on both f a and T kin as We plot this relation between f a and θ i in Fig. 6 for the standard cosmology (thick line) and for T kin = 4 MeV (dotted line), 300 MeV (dot-dashed line) and 700 MeV (dashed line). As T kin decreases, one departs from the standard cosmology. The value of θ i at fixed f a , or of f a at fixed θ i , decreases when T kin decreases. This is opposite to the behavior in the LTR cosmology. The largest departure occurs at the smallest value of T kin allowed by the BBN,
The problem of θ i values uncomfortably small to solve the strong CP problem is more severe in the kination cosmology than in the standard cosmology.
V. DISCUSSION
A. Comparison to previous work
Axions in kination cosmology were studied only in Ref. [40] and only as hot dark matter (i.e. thermally produced in the hot primordial soup). To the extent of our knowledge, cold dark matter axions in kination cosmology were not examined before.
Axions in the LTR cosmology were studied before [7, 8, 16, 17, 20, 22] , but only to determine the cosmological bound on the PQ scale in what we call Scenario I, namely f a < H I /2π, in which the Peccei-Quinn symmetry breaks after the end of inflation. Our work can also be used to set an upper bound on the PQ scale by imposing
These bounds can be read off the figures and the equations in this paper, all of which represent the equation Ω a h 2 < Ω CDM h 2 . We remark that therefore our work extends previous papers in that we have examined also the region f a > H I /2π, where the PQ symmetry breaks during inflation, have updated Ω CDM to the current observational value, have used an improved constraint on T RH from Big Bang Nucleosynthesis, and have included anharmonicities in the axion potential.
Our numerical result for the highest allowed value of the PQ scale in the LTR cosmology f LTR a = 8.58 × 10 13 GeV, obtained for T RH = 4 MeV, differs from previous authors. Steinhardt and Turner [8] showed that the entropy production due to the decay of a massive scalar field raises the maximum PQ scale to f LTR a ∼ 10 18 GeV, but they were corrected by Kawasaki et al. [20] for using the value of T 1 in the standard cosmology instead of the LTR cosmology. Kawasaki et al. [20] In Section I B we discussed the dependence ofr and ξ on the model for the axionic string oscillation and radiation spectrum. There we showed how these quantities in a modified cosmological scenario are related to their values in the standard cosmology. For the latter, we used the valuesr std = 0.8 and ξ std = 1, obtained assuming that an axionic string radiates axions in a broad energy spectrum [48, 52, 54, 75] and that the axionic string network is a global string network [52, 52, 54, 55] . In the following we refer to these assumptions as Model A. With these values, the axionic string contribution to the total axion energy density in the standard and LTR cosmologies is subdominant compared to the contribution from the misalignment mechanism, while it is dominant in the kination cosmology.
We now discuss the modification to the axion parameter space when we assume that axionic strings radiate axions in a narrow energy spectrum [47, 50, 53, 77] , and that the axionic strings network is a local strings network [78] . In this case,r std = 70 and ξ std = 13.
We 
C. Distinguishing non-standard cosmologies observationally
Here we discuss how one might be able to distinguish different non-standard cosmologies before BBN using properties of the axion cold dark matter population.
One may try to distinguish non-standard cosmologies by measuring both the axion CDM density Ω CDM and the axion mass m a . However, one immediately runs into the following problem.
Assume, for example, that the axion is found to be the main CDM component and the axion mass is measured at m a ≃ 10 −3 eV. These facts can be ascribed to two different cosmological models. The first model involves the axion field evolving in the standard cosmology, with the dominant contribution to the total axion energy density coming from axionic strings and only a tiny fraction from the misalignment mechanism, as Model B would predict. The second model involves a stage of kination before BBN lasting until T kin ∼ 900 MeV, with the contribution from axionic strings and from the misalignment mechanism of the same order of magnitude, as in Model A.
These uncertainties in the production of axion from strings decay prevent distinguishing non-standard cosmologies with this method alone.
One may complement the measurements of Ω CDM and m a with a measurement of the axion CDM velocity dispersion δv. The latter allows non-standard cosmologies to be distinguished, at least in principle. The argument proceeds as follows.
When axions start to oscillate at the temperature T 1 , axions from vacuum realignment and axionic string decay have momentum dispersion of order the Hubble scale at T 1 [58] ,
The momentum dispersion scales with the scale factor as δp(T ) ∝ 1/a(T ). In the standard cosmology, the velocity dispersion at present is then 
It is clear that if one has measured m a , a measurement of δv will give the value of T kin .
Similarly, in the LTR cosmology, 
A difficulty in measuring δv may arise from virialization of the axion population within galactic dark halos, although it has been claimed that δv would be preserved in the phasespace evolution [58] .
VI. CONCLUSIONS
In this paper we have examined the parameter regions in which the axion is 100% of the cold dark matter density in cosmologies that are non-standard before Big Bang nucleosynthesis. We have recognized two ways in which these regions change in going from the We have considered two different non-standard cosmologies that change the axion CDM regions in opposite directions. In the low temperature reheating (LTR) cosmology, the axion CDM regions shift to lower axion masses in Scenario I and expand in Scenario II. In the kination cosmology, the axion CDM regions shift to higher axion masses in Scenario I and shrink in Scenario II.
Different axionic string models lead to different quantitative results, but the overall modifications from the standard cosmology follow the same trend.
We have also commented on the possibility to distinguish standard and non-standard cosmologies using observable properties of the axion CDM population. We have tentatively concluded that the axion velocity dispersion may be a good indicator of the cosmology before Big Bang nucleosynthesis.
